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1. Introduction

The introduction of Graph Theory is a revolution in the field of Mathematics. Various concepts
were made easily understandable by its simple expression through graphical models. By a graph G
we mean V, the set of vertices; E, the set of edges together with a binary operation of association.
We refer to [1-3] for basic graph theoretic terms. In G, a shortest x — y path is also known as x — y
geodesic. The distance d(x,y) is defined as the number of edges of an x — y geodesic in G. For any
two vertices x and y in G, the closed interval I[x,y] is the collection of vertices on an x — y geodesic.
The closed interval I[S,S’], where S,S’ C V(G), is defined as the union of subintervals I[x, y] for
some x € S andy € S'. i.e., I[S,S'] = Uyes yes I[X, y]. A vertex v in G is called an extreme vertex or
simplicial vertex if the subgraph induced by its adjacent vertices is complete.

A set S C V(G) is called a geodetic set or geodomination set if every vertex of G is on some x —y
geodesic where x,y € §. The minimum cardinality of a geodetic set of G is called as the geodetic
number of G, denoted by g(G) [4-8]. If S is a geodetic set of G and (S) is connected, then S is called
the connected geodetic set of G. Its minimum order is named as the connected geodetic number
of G, denoted by cg(G). A connected geodetic set of cardinality cg(G) is called a cg-set of G [9].
Again parameters upper connected geodetic number and forcing connected geodetic number were
defined and investigated in [10]. Santhakumaran and Titus first introduced the vertex geodomination
number in [11] and further studied in [12, 13]. For any vertex x in G, a set S € V(G) is called
an x-geodominating set of G if every vertex v in G is on an x — y geodesic for some y in S. The
minimum cardinality of an x-geodominating set of G is defined as the x-geodomination number of G,
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denoted by g,.(G). An x-geodominating set of cardinality g,(G) is called a g,-set of G. A connected
x-geodominating set of G is an x-geodominating set S such that (S') is connected. The minimum
cardinality of a connected x-geodominating set of G is the connected x-geodomination number of G
and is denoted by cg.(G). A connected x-geodominating set of cardinality cg,(G) is called a cg,-set
of G [14].

Let e = xy be any edge of a connected graph G of order atleast 3. A set S of vertices of G is an
e-geodominating set of G if every vertex of G is either on an x —u geodesic or on an y — u geodesic for
some element « in S. The minimum cardinality of an e-geodominating set of G is defined as the e-
geodomination number of G and is denoted by g.(G) or g,,(G). An e-geodominating set of cardinality
g.(G) is called a g,-set of G [15].

It is clear that x-geodominating set of G is obtained by fixing a vertex x in G and e-geodominating
set of G is obtained by fixing an edge e = xy in G. Based on these concepts we defined a new
parameter called independent fixed geodomination number (or independent fixed geodetic number)
in [16]. Let S be an independent set of a connected graph G of order atleast 2. Let S’ be a subset of
V(G). If each vertex v in G is on an x — y geodesic for some x € § and y € §’, then S’ is an § -fixed
geodetic set of G . The S -fixed geodetic number g,(G) of G is the minimum cardinality of an S -fixed
geodetic set of G. The independent fixed geodetic number of G is g;+(G) = min{g,(G)}, where the
minimum is taken over all independent sets S in G. An independent fixed geodetic set of cardinality
gir(G) 1s described as g;¢-set of G. We too further proceed to infer about connectedness of an S -fixed
geodetic set of G, where S is an independent set in a connected graph G. In the computation of
independent fixed connected geodetic number, the succeeding theorems will be employed.

Theorem 1. [16] For any connected graph G, 1 < g;(G) < p — 1.

Theorem 2. [16] Let G be a connected graph. Then g;s(G) = 1 if and only if there is an independent
set S and its eccentric vertex y such that every vertex of G is on an x —y geodesic for some x € §.

Theorem 3. [16] For any complete graph K, g;;(K,) = p — 1.
2. Independent fixed connected geodetic number

Definition 1. Let S be an independent set of a connected graph G of order atleast 2. An S -fixed
connected geodetic set of G is an S -fixed geodetic set S’ such that {S’) is connected. The S -fixed
connected geodetic number cgy(G) of G is the minimum cardinality of an S -fixed connected geodetic
set of G. The independent fixed connected geodetic number cgif(G) of G is defined as cgif(G) =
min{cg,(G)}, where the minimum is taken over all independent sets S in G. An independent fixed
connected geodetic set of cardinality cg;¢(G) is called a cgis-set of G.

Example 1. Consider a graph G as shown in Figure 2.1. The Table 2.1 gives the independent sets
S, their corresponding minimum S -fixed geodetic sets and minimum S -fixed connected geodetic sets,
the S -fixed geodetic numbers g,(G) and the S -fixed connected geodetic numbers cg,(G). Then the
independent fixed geodetic number of G is gis(G) = min{g,(G)} = 2 and the independent fixed
connected geodetic number of G is cg;if(G) = min{cgy,G)} = 3.

X1 X6
[
X3
X2 M
Figure2.1: G
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Independent Minimum S -fixed S -fixed Minimum S -fixed S -fixed
set S geodetic set geodetic connected geodetic set  connected
number g,G geodetic
number cg,G
{x1} {x2, x4, X5, X6} 4 {x2, X3, X4, X5, X6} 5
{x2} {x1, X4, X5, X6} 4 {x1, X3, X4, X5, X6} 5
{x3} {x1, X2, X4, X5, Xo} 5 {x1, x2, X3, X4, X5, Xe} 6
{x4} {x1, x2, X6} 3 {x1, x2, X3, X6} 4
{xs} {x1, X2, X4, X6} 4 {x1, X2, X3, X4, X} 5
{x6} {x1, X2, X4} 3 {x1, X2, X3, X4} 4
{x1, x4} {x2, X6} 2 {x2, X3, X6} 3
{x1, x5} {x2, X4, X6} 3 {x2, x3, X4, X6} 4
{x1, X6} {x2, x4} 2 {x2, x3, x4} 3
{x2, x4} {x1, X6} 2 {x1, X3, X6} 3
{x2, x5} {x1, x4, X6} 3 {x1, x3, X4, X6} 4
{x2, x6} {x1, x4} 2 {x1, x3, x4} 3
{x4, X6} {x1, x2, x5} 3 {x1, X2, x3, X5} 4
{x1, X4, X6} {x2, x5} 2 {x2, x3, x5} 3
{x2, x4, X6} {x1, x5} 2 {x1, x3, x5} 3
Table 2.1

Theorem 4. In a connected graph G, 1 < gis(G) < cgif(G) < p— 1.

Proof. For any independent set S in a connected graph G, every S -fixed connected geodetic set is an
S -fixed geodetic set of G, we have g;+(G) < cgif(G). Then by Theorem 1.1, we have 1 < g;+(G) <
cgif(G) < p-1. O

We intend to characterize the graphs that realize the bounds in Theorem 2.3. For that we use the
following definition.

Definition 2. [17] Let G be a connected graph of order atleast 2. Let S C V(G) andy € V(G) - S.
The distance between the set S and the vertex y is d(S,y) = min{d(x,y) : x € §}. The eccentricity
of the set S is e(S) = max{d(S,y) : y € V(G) — S}. An eccentric vertex of S is a vertex v of G with
d(S,v) =e(S).

Theorem S. Let G be a connected graph of order atleast 2. Then cgiy(G) = 1 if and only if there is
an independent set S and its eccentric vertex y such that every vertex of G is on an x — 'y geodesic for
some x € §.

Proof. The result follows from Theorems 1.2 and 2.3. m|
The following theorem gives cg;(G) for some standard graphs.
Theorem 6. (i) If G =T or K,,,, then cgis(G) = 1.
(it) If G = C,, then cgis(G) is 1 or 2 according as p is even or odd.

(iii) If G = K, + Um;K; with G is neither a complete graph nor a star, then cgi/(G) = j— 1 or
2mi(j— 1)+ laccording as },;som; =1 or ) ;5,m; > 2.

In view of Theorem 2.3, we proceed to characterize graphs G with cg;s(G) = p — 1.

Theorem 7. Let G be a connected graph of order p > 2. Then cgif(G) = p — 1 if and only if G = K,
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Proof. Let cgif(G) = p—1. Claim that G = K,,. If not, then G has a diametral path P : ug, uy, ..., uy of
length d > 2. It is clear that uy and u, are non-cut vertices of G. If u, or u, is an end vertex of G, then
S = {up, uy} 1s an independent set of G and S’ = V(G) — S is an S -fixed connected geodetic set of G.
Hence cg;s(G) < p — 2, but this leads to a contradiction. If both u, and u, are non-end vertices of G,
then there exist atleast two uy — u, paths in G. If atleast one vertex other than u, and u, is common for
any two ug—u, paths in G, then S = {uy, u,} is an independent set of G and S’ = V(G)—S is an S -fixed
connected geodetic set of G. Hence cg;s(G) < p — 2, but this leads to a contradiction. Suppose that
there exist two uy — uy paths, say Py and P,, has no common vertices other than u, and u,. Let z be an
adjacent vertex of uy in Py. If z is a cut vertex of G, then let H be a component of G — z with uy not
in H. Let z; be a vertex farthest away from z in H. Then it is clear that S = {z;, u,} is an independent
setof G and S’ = V(G) — § is an S-fixed connected geodetic set of G. Hence cg;s(G) < p — 2, but
this leads to a contradiction. If z is not a cut vertex and {u,, z} is not a vertex-cut of G, then S = {ug}
is an independent set of G and S’ = V(G) — {uy, z} is an S -fixed connected geodetic set of G. Hence
cgif(G) < p — 2, but this leads to a contradiction. If z is not a cut vertex and {ug, z} is a vertex-cut
of G, then there exists another u, — z path, say Q, of length atleast 2. Let w be an adjacent vertex
of up on Q. If wis a cut vertex of G, then let H; be a component of G — w with u( not in H;. Let
wy be a vertex farthest away from w in H;. Then it is clear that S = {wy, u,} is an independent set
of Gand §' = V(G) — § is an S -fixed connected geodetic set of G. Hence cg;s(G) < p — 2, but this
leads to a contradiction. If w is not a cut vertex and {w, u,} is not a vertex-cut of G, then S = {w, u,}
is an independent set of G and S’ = V(G) — S is an S-fixed connected geodetic set of G. Hence
cgif(G) < p — 2, but this leads to a contradiction. If w is not a cut vertex and {w, u,} is a vertex-cut of
G, then S = {w} is an independent set of G and S’ = V(G) — {w, up} is an S -fixed connected geodetic
set of G. Hence cg;s(G) < p — 2, but this leads to a contradiction. Converse is clear from Theorems
1.3 and 2.3. O

Now we proceed to characterize graphs G with cg;(G) = p — 2. For that we require the definition
of a special graph K,,, < P, — K,,.

Definition 3. The graph G = K,, < P, — K, is obtained from two complete graphs K,,, K, and a
path P, by joining every vertex in K,, with an end vertex of P, and joining every vertex in K, with the
other end vertex of P,.

The graph G = K,, « P, — K, is shown in Figure 2.2.
K,

Figure 2.2: G = K,, « P, = K,

Theorem 8. Let G be a connected graph of order p > 3. Then cgis(G) = p — 2 if and only if G is
either Pz or K,, « P, —» K, (m,n >2andr > 1).

Proof. Let cgif(G) = p — 2. If p = 3, then by Theorems 2.7 and 2.6(i) we conclude that G = Ps. If
p = 4, then G is either Ky, K, + K>, K + (K| U K>), Ky 3, P4 or Cy. If G = K4, then by Theorem 2.7,
cgif(G) = 3 = p — 1, but this leads to a contradiction. If G = K, + K>, then G has two simplicial
vertices, say x and y. It is obvious that § = {x} is an independent set of G and S" = {y} is the minimum
S -fixed connected geodetic set of G. Hence cg;(G) = 1 = p — 3, but this leads to a contradiction.
If G = K, + (K| UK)), K, 3, P4 or Cy, then by Theorem 2.6, cg;s(G) = 1 = p — 3, but this leads to a
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contradiction.

Now, let p > 5. Since cg;s(G) = p — 2, by Theorem 2.7, we have G # K. First, we show that
every vertex of G is either a cut vertex or a simplicial vertex. Incase there exists a vertex, say x, in
G which is neither a cut vertex nor a simplicial vertex, then x lies on a cycle in G. Let C be a largest
chordless cycle containing the vertex x in G. We consider three cases.

Case (1) Length of the cycle C is more than 3 and degree of x is 2.

Let y and z be the adjacent vertices of x on C. Since C is a chordless cycle, y and z are non-
simplicial vertices of G.

Subcase (1) deg y = deg z = 2. Let S = {x} be an independent set of G. If C is an even cycle,
then y and z is on an x — x; geodesic, where x; is an eccentric vertex of x on C; and if C is an odd
cycle, then y is on an x — x; geodesic and z is on an x — x, geodesic, where x; and x, are the eccentric
vertices of x on C. Then it is clear that ' = V(G) — {x,y,z} is an S -fixed geodetic set of G. Since
degy = deg 7 = deg x = 2, (S’) is connected. Hence S’ is an S-fixed connected geodetic set of G
and so cg;s(G) < p — 3, but this leads to a contradiction.

Subcase (2) deg y > 3 and deg 7 > 3. Since deg x = 2, G — x is a connected graph. If y and z are cut
vertices of G, then let G; and G, be the components of G — y and G — z, respectively, with the vertex
x not in both G| and G,. Let y; be a vertex farthest away from y in G| and let z; be a vertex farthest
away from z in G,. Then it is vivid that § = {x, y;, z;} is an independent set of G and §" = V(G) — §
is an S -fixed connected geodetic set of G. Hence cg;s(G) < p — 3, but this leads to a contradiction.

If y and z are non-cut vertices of G and {y, z} is a vertex-cut of G — x, then y, x and z are the
consecutive vertices of another chordless cycle, say C’, in G. Let 7 # x be an adjacent vertex of z on
C’. If 7 is anon-cut vertex of G, then § = {x, 7’} is an independent set of G and S’ = V(G)—{x,z,7'} is
an S -fixed connected geodetic set of G. Hence cg;(G) < p — 3, but this leads to a contradiction. If 2’
is a cut vertex of G, then let G3 be a component of G — 7" with the vertex z not in G3. Let 7/ be a vertex
farthest away from z’ in G;. Then §| = {x, 7"} is an independent set of G and S| = V(G) — {x,z,7"} is
an S -fixed connected geodetic set of G. Hence cg;+(G) < p — 3, but this leads to a contradiction.

If y and z are non-cut vertices of G and {y, z} is not a vertex-cut of G — x. It is clear that S = {x}

is an independent set of G and S’ = V(G) — {x,y,z} is an S-fixed connected geodetic set of G and
so cgif(G) < p — 3, but this leads to a contradiction. If either y or z is a cut vertex of G, then by the
arguments similar to the above, we get a contradiction.
Subcase (3) deg y =2 and deg z > 3 ((or) deg y > 3 and deg z = 2). If z is a cut vertex of G, then let
G, be a component of G — z with the vertex x not in G,. Let 7’ be a vertex farthest away from z in G.
Then S = {x, 7'} is an independent set of G and S’ = V(G) — {x,y, 7'} is an S -fixed connected geodetic
set of G and so cg;+(G) < p — 3, but this leads to a contradiction.

If zis not a cut vertex of G, then clearly S = {x} is an independent set of G and S’ = V(G) —{x, y, z}
is an S -fixed connected geodetic set of G. Hence cg;s(G) < p — 3, but this leads to a contradiction.
Case (2) Length of the cycle C is more than 3 and degree of x is more than 2.

Subcase (1) {x, y} and {x, z} are non vertex-cuts of G. Then it is clear that § = {x} is an independent
setof G and S’ = V(G) — {x,y,z} is an S -fixed connected geodetic set of G. Hence cg;s(G) < p — 3,
but this leads to a contradiction.

Subcase (2) {x,y} and {x, z} are vertex-cuts of G. Then G has two more cycles, say C; and C,, with
xy an edge of C; and xz an edge of C,. Let x" # y be an adjacent vertex of x on C; and let x” # z
be an adjacent vertex of x on C,. If x" is a cut vertex of G, then take a = x|, where x| is a vertex
farthest away from x’ in a component H of G — x” with x not a vertex of H. Otherwise, take a = x’.
Similarly, if x” is a cut vertex of G, then take b = x{', where x{' is a vertex farthest away from x” in a
component H; of G —x"" with x not a vertex of H;. Otherwise, take b = x”. Itis clear that S = {a, b} is
an independent set of G and S’ = V(G) — {x, a, b} is an S -fixed connected geodetic set of G. It implies
cgis(G) < p — 3, but this leads to a contradiction.

Subcase (3) {x, y} is a vertex-cut and {x, z} is not a vertex-cut of G ((or) {x, y} is not a vertex-cut and
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{x, z} is a vertex-cut of G). Then G has one more chordless cycle, say C;, with xy an edge of C;. Let
x" # y be an adjacent vertex of x on C;. If x” is adjacent to y in G and x’ is not a cut vertex of G, then
S = {x’} is an independent set of G and S’ = V(G) — {x, x’, z} is an S -fixed connected geodetic set of
G and so cg;f(G) < p — 3, but this leads to a contradiction. If x’ is adjacent to y in G and x’ is a cut
vertex of G, then by an argument similar to Subcase (3) of Case (1), S = {x, x”} is an independent set
of Gand §’ = V(G) — {x,x”,z} is an S -fixed connected geodetic set of G. Hence cg;#(G) < p — 3, but
this leads to a contradiction.

Similarly, if x” is a non-adjacent vertex of y on C; and x’ is a non-cut vertex of G, then § = {x} and
S’ = V(G) — {x,x',z}. If X" is a non-adjacent vertex of y and x’ is a cut vertex of G, then S = {x, x"’}
and S’ = V(G) — {x,x", z}, where x” is a vertex farthest away from x’ in a component H of G — x’
with x not a vertex of H. In both cases, S is an independent set of G and S’ is an § -fixed connected
geodetic set of G and hence cg;(G) < p — 3, but this leads to a contradiction.
Case (3) Length of the cycle C is 3.

Figure23: H

Then the graph H given in Figure 2.3 is a subgraph of G. If not, every block of G is either K,
or K3 and so every vertex of G is either a cut vertex or a simplicial vertex, which is a contradiction
to our assumption. Here we take the vertex u as x and the cycle u,v,w, z,u in H as C and continue
the procedure exactly similar to Case (1) and Case (2), we get c¢g;s(G) < p — 3, but this leads to a
contradiction.

Hence in all the three cases we get a contradiction and so every vertex in G is either a cut vertex
or a simplicial vertex. Since cg;s(G) = p — 2, by Theorem 2.7, G is a non-complete graph. Hence G
has atleast one cut vertex. Let O = {uy,us, ..., u,} be the set of all cut vertices of G. We consider two
cases.

Case (1) G has exactly one cut vertex, say u;.

Let Gy, G, ...,G/(t > 2) be the components of G — u;y. If t > 3, then S = {x1, x5,...,x;}, where
x;i € Gi(1 <i <1),is an independent set of G and §* = V(G) — S is an S-fixed connected geodetic
set of G and so cg;s(G) < p — 3, but this leads to a contradiction. Hence ¢+ = 2. Now claim that
each component G;(1 < i < 2) has atleast two vertices. If G; has exactly one vertex, say v, then
S = {v,z}, where z € G, is an independent set of G. It is clear that S’ = V(G) — {v, z,u;} is an S -fixed
connected geodetic set of G and so cg;r(G) < p — 3, but this leads to a contradiction. Hence G has
exactly one cut vertex and two components with each component having atleast two vertices. Hence
G=K, <P, - K,(imn>2andr =1).

Case (2) G has two or more cut vertices.

Let R = {z1,22,...,z}(l = 0) be the set of all cut vertices of degree > 3in G. If /| =0, then G is a
path and so by Theorem 2.6(i), cg;¢(G) = 1 < p — 3, but this leads to a contradiction. Now, let [ > 1
and let S = {x|, X, ..., x,} (b > max{2,1}), where x; is a simplicial vertex of G in the i component of
G — R. If [ > 3, then clearly S is an independent set of G and S’ = V(G) — S is an S -fixed connected
geodetic set of G and so cg;¢(G) < p — 3, but this leads to a contradiction. If / = 1, then clearly S is an
independent set of G and S’ = V(G) —{S U(Q — R)} is an S -fixed connected geodetic set of G. Hence
cgir(G) < p — 3, but this leads to a contradiction. Hence [ = 2. If G — R has 3 or more components,
then S is an independent set of G and S’ = V(G) — § is an § -fixed connected geodetic set of G and
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so cgif(G) < p — 3, but this leads to a contradiction. Hence G — R has exactly 2 components. Since
every vertex of G is either a cut vertex or a simplicial vertex, the components of G — R are complete
graphs. Since [ = 2, the two components of G — R are complete graphs with atleast two vertices and
(R) is a path. Hence G = K,, « P, > K, (m,n > 2 and r > 1).

Conversely, let G = PsorK,, < P, = K, (m,n > 2andr > 1). If G = P3, then by Theorem 2.6(i),
cgisf(G) =1=p-2. If G = K,, « P, — K,, then every vertex in K,, U K, is a simplicial vertex
of G. It is clear that any independent set S of G contains atmost one vertex from each K,, and K,.
Also, every S -fixed connected geodetic set of G contains atleast m — 1 vertices from K,, and atleast
n — 1 vertices from K,,. Since m > 2, n > 2 and r > 1, every vertex of P, is an element of any S -fixed
connected geodetic set of G. Hence S’ = V(G) — S is an S-fixed connected geodetic set of G and
so cgif(G) = p—2. Let S| = {x,y}, where x € V(K,,) and y € V(K,), and let §| = V(G) - §;. It
is clear that §; is an independent set of G and S| is an §;-fixed connected geodetic set of G and so
cgir(G) = p-2. m

Based on Theorem 2.3, we have the following realization result.

Theorem 9. For any three positive integers a,b and p with2 < a < b < p — 3, it is possible to identify
a connected graph G of order p with g;f(G) = a and cg;;(G) = b.

Proof. We consider two cases.

Case(1)2<a=b<p-3.LetP, 4, :Vi,V2,...,Vp_o beapathof order p—a—1andlet K, be
the complete graph of order a + 1. Let G be the graph obtained from P,_,_; and K, by joining an
end vertex v,_,_; of P,_,_; with every vertex of K,,;. The resultant graph G is shown in Figure 2.4
and its order is p.

Ka+1

/AN

Vi V2 V3 Vp—a-i

Figure24: G

It is clear that any independent set of G contains atmost one vertex from the complete graph K, ;.

Also, atleast a vertices in K, lie in every S -fixed geodetic set of G, where S is an independent set
of G. Hence g;¢(G) > a. Let S = {v,x} and S’ = V(K,41) — {x}, where x € V(K,1). Since a < p - 3,
S 1s an independent set of G and it is clear that every vertex of V(G) — S is on a v; — y geodesic for
any y € §’. Hence S’ is an S-fixed geodesic set of G and so g;+(G) = |S’| = a. Also, since (S’) is
connected, we have cg;r(G) = gi/(G) = a.
Case(2)2<a<b<p-3.LetP, ,5:Vi,V2...,Vpp-2,...,Vp-q be apathof order p—a—2. Let
K, and K, be two complete graphs of orders 2 and a, respectively. Let G be the graph obtained from
P, _.-», K; and K,, by joining the vertex v,_,_; of P,_,_» with every vertex of K, and joining the end
vertex v,_, of P,_,_» with every vertex of K,. The resultant graph G is shown in Figure 2.5 and its
order is p.

K,
/
*~—— L) vp_b_l LI v—</r
Vi Va2 V3 Vp—b% E Vp-b Vp_a> \
K
Figure25: G
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It is clear that any independent set of G contains atmost one vertex from each complete graphs K,
and K,. Also, atleast one vertex in K, and atleast a — 1 vertices in K, lie in every S -fixed geodetic
set of G, where S is any independent set of G. Hence g;+(G) > a. Let § = {v;,x,y} and let §* =
(V(Ky) — {x}) U (V(K,) — {y}), where x € V(K;) and y € V(K,). Sincea < b < p—3, S is an
independent set of G and it is clear that every vertex of V(G) — S lies on a u — v geodesic for some u
in$ and vin §’. Hence S’ is an S -fixed geodetic set of G and so g;¢(G) = |S’| = a. But (§’) is not
connected and so cg;¢(G) > a. Since every S -fixed geodetic set of G contains atleast one vertex from
each complete graphs K, and K, every S -fixed connected geodetic set of G contains the cut vertices
Vpba1> Vs - o » Vpoa—a}. Let 8" = S " UV, p_1,Vpps...,Vpg-2}. Itis clear that §” is a minimum
S -fixed connected geodetic set of G and so cgis(G) = |S"| = b. |

We know that the diameter of any connected graph lies between its radius and two times of its
radius. For that Ostrand [9] has given a realization result. Ostrand’s theorem can be extended so that
cgif(G) can also be prescribed.

Theorem 10. For any three positive integers r,d and n with r < d < 2r, a connected graph G can be
identified with radius r, diameter d and the independent fixed connected geodetic number n.

Proof. If r = 1,thend = 1 or 2. If d = 1, then by Theorem 2.7, G = K,,;; has the desired property.
Now, let d = 2. Let G be the graph obtained from the complete graphs K, and K, by merging a
vertex of K, say y, and a vertex of K,,,,. Then G has radius 1, diameter 2 and is shown in Figure 2.6.

Kn+2

ol
Figure2.6 : G

Let T = V(K,;») — {y}. If § is any independent set of G, then atleast n vertices in T lie in every
S -fixed connected geodetic set of G and so cg;f(G) > n. Let S = {x,z}, where z # y in K,,;», and let
S’ =T —{z}. Clearly, S is an independent set of G and S’ is the minimum S -fixed connected geodetic
set of G and so cg;(G) = n.

Now, let r > 2. We construct a graph G which meets our requirement.
Case (1) r = d. Let K,,;, be the complete graph with vertex set V(K,,,2) = {u, us, ...,
u,2} and let C,, be the even cycle with vertex set V(Cy,) = {v{,Vv2,...,Vv2}. Let G be the graph
obtained from K., and C,, by merging the edge uu; in K,;, and v,v,,; in Cy,. The resultant graph
G is shown in Figure 2.7.

Vit Vr+2 Var-1
r+
K2 T )
2r
Vy ~—— ¢t Vi
V-1 Vi W
Figure2.7: G

It can be easily verified that e(v) = r for any vertex v € G and so rad G = diam G = r. Also,
T = V(K,+2) — {u1,uy} is the set of all simplicial vertices of G and any independent set of G contains
atmost one element in 7. If S is any independent set of G, then atleast n — 1 vertices in 7T lie in every
S -fixed connected geodetic set of G and so cg;¢(G) > n — 1. Also, it is clear that all the vertices of C»,
are not on any x —y geodesic for some x € V(C,,) andy € T. Hence cg;s(G) > n—1. LetS = {v;, u3}
and let S’ = (T — {u3}) U {v,41}. Clearly, every vertex of C5, is on a v; — v,,; geodesic and so S’ is an
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S -fixed geodetic set of G. Also, (S”’) is connected and so cg;s(G) = n.

Case (2) r < d < 2r. Let K, be the complete graph with the vertex set V(K1) = {u1,ua, -+ , Ups1},
let P,_, be a path with the vertex set V(P,_,) = {vi, V2, ..., v4_,} and let Cy, be the cycle with the vertex
set V(Cy,) = {wy, wy,...,wy,}. Let G be the graph obtained from K,,,, P,_, and C,, by joining every
vertex of K, with the vertex v, in P,_,, and joining the vertex v,_, of P,_, with the vertex w; in C,,.
The graph G is shown in Figure 2.8.

[Z31 Wy w;

_

Kn+1 le.\
>__ o« o Wi w
. 1 Vv Vd—7 r+l

/ War Wii2

Up+1

Figure28: G

It can be easily verified that r < e(x) < d, e(w;) = r and e(w,,;) = d. Hence rad G = r and
diam G = d. It is clear that T = V(K,,) is the set of all simplicial vertices of G. Then by an
argument similar to Case (1) of Theorem 2.10, we have S = {u;, w,,} is an independent set of G and
S’ =T —{u} 1s a minimum § -fixed connected geodetic set of G. Hence cg;s(G) = n. O

3. Connected Geo-independent Number

Definition 4. The minimum (maximum) independent set required to form a cg;s-set of G is called
a connected geo-independent set (upper connected geo-independent set) of G. The cardinality of a
connected geo-independent set (upper connected geo-independent set) of G is called the connected
geo-independent number (upper connected geo-independent number) of G and is denoted by cgin(G)

(cgin*(G)).

Example 2. For the graph G given in Figure 2.1, we have cg;i(G) = 3. From Table 2.1, it can be
easily seen that S| = {x1,x4},S2 = {x1, %6}, S3 = {x2, x4} and S 4 = {x2, x¢} are the connected geo-
independent sets of G, S5 = {x1, X4, X¢} and S ¢ = {x2, X4, X¢} are the upper connected geo-independent
sets of G. Hence cgin(G) = 2 and cgin*(G) = 3.

The following result gives the connected geo-independent numbers and the upper connected geo-
independent numbers of certain special classes of graphs.

Result 11. (i) IfG = P, then cgin(G) = 1 and cgin*(G) = [ﬂ
(i) If G = K, p-1(p = 3), then cgin(G) = p — 2 and cgin*™(G) = p — 1.
(i@ii) If G = K, then cgin(G) = cgin*(G) = 1.
(iv) If G = C,, then cgin(G) = 1 and cgin*(G) = L%J or V—Z’J — 1 according as L%J is odd or even.
) If G =K, 2 <m < n), then cgin(G) =m — 1 and cgin*(G) =n — 1.
i) If G = Q, (n > 3), then cgin(G) = 1 and cgin*(G) = 2" .
The following observation is an easy consequence of some of the previous results.
Observation 12. For any connected graph G of order p > 2,
(i) 1 < cgin(G) < cgin*(G) < B(G) < p — 1, where B(G) is the independence number of G.
(ii) 2 < cgin(G) + cgif(G) < p and 2 < cgin™(G) + cgif(G) < p.

Theorem 13. Let G be a connected graph of order p > 2. Then

Ars Combinatoria Volume 157, 109-120



P.Titus and S.Antin Mary 118
(i) cgin(G) = 1 if and only if cg.(G) = cgif(G) for some vertex x in G.

(ii) cgin(G) = p — 1 ifand only if G = K.
(iii) cgin™(G) = p - lifand only if G = K, ;.

Proof. (1) Let cgin(G) = 1. Then there exists a vertex, say x, in G with § = {x} and S’, a minimum
S-fixed connected geodetic set of G. Hence every vertex of G is on an x — y geodesic for some
y € §” and (S’) is connected, and so S’ is a minimum connected x-geodominating set of G. Hence
cg(G) = |S’| = cgis(G). Converse is clear from the respective definitions.

(i1) Let cgin(G) = p — 1. If p = 2, then we get the required result. So, let p > 3. Since the connected
graph G has p — 1 independent vertices, all the independent vertices are end vertices of G. Hence G
is a star. Then by Result 3.3(ii), cgin(G) = p — 2, but this leads to a contradiction. Conversely, let
G = K,. Then by Result 3.3(iii), cgin(G) =1 = p— 1.

(ii1) The result follows from the proof of (ii) and Result 3.3(i1). |

Problem 14. Characterize graphs G for which cgin*(G) = 1.
The following theorem gives a realization result.

Theorem 15. For any four positive integers a,b,c and n with2 < a < b < ¢, a connected graph G
can be identified with cgin(G) = a, cgin*(G) = b, B(G) = c and cg;f(G) = n.

Proof. Case (1) a = b. Let H|, H,, H; and H, be the complete graphs with vertex sets V(H;) =
0 yh VIHD) = {ur, g, .o te—air ), V(IH3) = {vi, Vo, v} and V(Hy) = {wi, w2, ..., Wy} respec-
tively. Let the graph G be constructed using H,, H,, H; and H, by (i) joining the vertices x and y in H,
with every vertex of H, and (ii) joining the vertex y in H; with every vertex of Hs U H,. The resultant
graph G is shown in Figure 3.1.

Vi V2 Va2

w1 H4

Wit

Figure3.1: G

Every independent set of G contains atmost one vertex from Hy. Then atleast n vertices in the
complete graph H, lie on every S -fixed geodetic set of G, where S is an independent set of G. Hence
cgif(G) > n. Let S = {x,vi,va,..., Va2, wi} and let §* = V(H,) —{w;} forany i(1 <i <n + 1). Clearly
S 1s an independent set of G and every vertex of V(G) — § is on an x — s geodesic for any s € S’
and (S’) is connected. Hence S’ is an S -fixed connected geodetic set of G and so cg;+(G) = |S'| = n.
Also, it is clear that, for any independent set S of G, every minimum S -fixed connected geodetic set
contains n vertices from H,.

Let T be any independent set of G with 7', a T-fixed connected geodetic set of G and |T”| =
cgif(G) = n. Hence T’ C V(H,). Now claim that V(H;) C T. If not, let z € V(H;) and z ¢ T. Since z
is an end vertex of G, z is not an internal vertex of any geodesic and so z € T’, which is a contradiction
to T’ ¢ V(H,). Hence V(H3) C T. Also, since cgif(G) =nand T’ C V(H,), exactly one vertex in Hy,
say wj, belongs to T'. Since w; is adjacent to y, y ¢ T. Then either x or (1 <i < c—a+ 1) but not
both belongs to 7.

Subcase (1) x € T. Then every vertex of G — Hs is on an x — w geodesic for any w € T’ and so
T = V(H3) U {x,w;} is an independent set of G with T’, a T-fixed connected geodetic set of G and
7’| = n.

Subcase (2) u; € T(1 < i < c—a+1). If all the vertices u; € T, then x is not an internal vertex of
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any s — t geodesic for any s € T and r € 7’. Hence x € T’, which is a contradiction to 7" C V(H,).
If atleast one vertex u; ¢ T, then u; is not an internal vertex of any s — ¢ geodesic for any s € T and
t € T'. Hence u; € T’, which is a contradiction to 7’ C V(H,4). Thus T; = V(H3) U {x,w;}, where
w; € V(Hy) (1 <i<n+ 1),is the independent set of G with T! = V(H,) — {w;}, the T}-fixed connected
geodetic set of G and |T| = n. Hence cgin(G) = cgin™(G) = a.

Claim S(G) = c. It can be easily verified that W; = V(H, U H3) U {w;}, where 1 <i <n+1,isa
maximum independent set of G and so B(G) = c.
Case (2) a < b. Let H\,H,,Hs,H, and Hs be the complete graphs with vertex sets V(H;) =
oy, 2 VIHy) = Aug,ua, .. ttepi}, VIH3) = {vi,va,.ovan) VIH) = (Wi, wa, .., wpq) and
V(Hs) = {t|, 1, ..., 1,41}, respectively. Let G be the graph obtained from H,, H,, H3, H4 and Hs by (i)
joining the vertices x and y in H; with every vertex of H,, (ii) joining the vertex y in H, with every
vertex of Hs, (iii) joining the vertices y and z in H, with every vertex of H,, and (iv) joining the vertex
zin H, with every vertex of Hs. The resultant graph G is shown in Figure 3.2.

Hs

Figure32: G

By an argument similar to Case (1), for any independent set S of G, every minimum S -fixed
connected geodetic set contains atleast n vertices from Hs. Let S = V(H3) U {x,#;} and let S’ =
V(Hs) —{t,}. Then clearly S is an independent set of G and S’ is an S -fixed connected geodetic set of
G and so cgif(G) = |S'| = n.

Next, prove that cgin(G) = a. By an argument similar to Case (1), to form an §-fixed connected
geodetic set S’ with |S’| = n, we need all the vertices in Hj, the vertex x in H; and exactly one vertex
in Hs for S. Hence cgin(G) > a. As in the above paragraph, S = V(H3) U {x, t;} is an independent set
of Gand S’ = V(Hs)—{t,} is the S -fixed connected geodetic set with |S’| = n. Hence S is a connected
geo-independent set of G and so cgin(G) = |S| = a.

Claim that cgin*(G) = b. Let T be any independent set of G with 7”, a T-fixed connected geodetic
set of G and |T’| = cg;s(G) = n. Then by an argument similar to Case (1), V(H)U{x,t;} C T;, V(Hs)—
{t}y =T/ foranyi(1 <i<n+1),and s ¢ T;, where s € V(H,) U {y,z}. Let S; = V(H; U Hy) U {x, 1;}.
Then clearly §; is a maximum independent set of G with §7 = V(Hs) — {1;}, the §;-fixed connected
geodetic set of G and [S/| = n. Hence cgin*(G) =[S, = b.

It can be easily verified that W; = V(H, U H3 U Hy) U {t;}, where 1 < i < n+ 1, is a maximum
independent set of G and so B(G) = c. O
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